
1. ____~~______ 
-32 + (_4)2 - (-3)3 + (-5)2 - 2)5 

-9 + 16 - (-27) + 25 - ( - 3 2) 

-9 + 16 + 27 + 25 + 32 

-9 + (16 + 27 + 25 + 32) 

-9 + 100 

91 


2. 	 43 
Fifty percent of the original price is $300, so we want the price to be less than $300. We 
can use the inequality below to find how many reductions it would take to achieve that 
price range. 

600 - 7x < 300 

300 < 7x 


42 
6 < X 

7 

So we need the smallest integer value of x that is greater than 42 6 1 
7 

3. __~~___ 

which is 43. 

The smallest positive integer which has a remainder of 3 when divided by 8 is 
8(0) + 3 = 3. The 1 OOth such integer is 8(99) + 3 =795. Since the 100 terms would 
form an arithmetic sequence, the median of the terms is the same as the mean which is 
also just the mean of the first and last terms. So the median is 3+795 = 399. 

2 

4. 9828 
The sum of the factors of an integer with prime factorization PI Q P2 b • P3 C •••• can be• 

found by finding the sum of the powers of each prime up to the power in the prime 
factorization, and then finding the product of those sums like this: 
(P1 ° +p/ + P1 2 + ... P1 Q) (P2 ° + P2 1 +p/ + ... P2 b) (P3 ° +p/ + P3 2 + ... p/) ... 
That process works because when the above polynomials are multiplied out with the 
distributive property the result will be all the factors of the integer written out in one big 
sum. Since we want only the even factors though, we do not want to consider the factors 
which have 2° in their prime factorization. So we use that same process, just eliminating 
the 2°. The prime factorization of 2880 26 .32 .51

. Using the process described 
above, the sum of the even factors will be: 
(21 + 22 + 23 + 24 + 25 + 26 )(3° + 31 + 32)(5° + 51) = (126)(13)(6) 9828. 
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5. ____~________ 
Since no dimes can be used: 1(50)+1(25)+4(5)+2(1) = 97. That gives us 1 half-dollar, 
1 quarter, 4 nickels and 2 pennies for a total of 8 coins. 

6. 	____~~______ 

15· (14C3) = 15 . 364 = 5460 The reasoning behind this solution is that there are 15 
choices for which boy gets the lead role. Then we must choose 3 of the remaining 14 
kids to be in the chorus, but the order we choose them in is not important since they are 
all doing the same thing. We also could have done (15C3) . 12 = 455 . 12 = 5460. The 
reasoning behind this solution is that we are picking the three boys for the chorus first 
and then having 12 choices from the remaining boys to play the lead role. 

7 

7. 	 __1_2_______ 

You can make a chart for this, but if you do a lot of these problems then you know that 
there is 1 way to make the numbers 2 & 12, 2 ways to make the numbers 3 & 11, 3 ways 
to make the numbers 4 & 10 continuing to the 6 ways to make the number 7. The 
composite numbers you could get as sums are 4, 6, 8, 9,10 and 12 which can happen in 
3 + 5 + 5 + 4 + 3 + 1 = 21 ways. Since there are 6 . 6 = 36 possible ways to roll 2 dice, 

the probability of the sum being composite is ~ 7 
36 12 

8. 	 10 
Starting with the points of intersection, for every two lines there is one point of 
intersection at most, so we just do a combination (nC2) for n lines. Each new line will 
intersect all previous lines so you can just add the previous integer each time. 
The number of regions created is easiest to do by looking for a pattern. 
olines 1 region; 1 line = 2 regions; 2 lines 4 regions; 3 lines = 7 regions 
This time every nth line adds n regions. A chart can help organize this information to 
find our answer. 

I lines I intersections(I) regions (R) I+R i 

1 
2 
3 

I 
I 

I 

0 
1 
3 

i 

2 
4 
7 

i 2 
5 

10 

i 
I 
i 

... 
9 

10 

I 
i 

I 

... 

36 
45 

I 
I 

... 
46 
56 

... 
82 

101 

i 

I 

I 

So 10 lines is the first time I + R > 100. 
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39. 

The volume of the cylinder can be found by the equation V = nr2 h and the volume of a 

cone can be found by the formula V = ~ nr2 h. If we caU the radius of the cylinder y and 
3 

the radius of the cone n, then we are looking for the value of ~. We can find that by 
n 

settmg the volumes equal to each other in the equation Tfy 2 h = ~Tfn2h. Simplifying we 
3 

get: 

2 	 1 2 2 1 2 y2 1 Y (1 y 1 ..f3 ..f3 
Tfyh=3rmh~y ="3 n ~ n2 = "3~ -;; =~ "3 ~;' = ..f3·..f3 =3· 

Technically, ~ = ± f7:. but since we know the radii are both positive, we know their ratio 
11 	 ~3 

is positive. 

10. 	 240 
First we need to figure out what numbers are actually in the list. There is one 1, two 2s, 
three 3s, four 4s, ... up to there being eight 8s and then four 9s. The sum of the numbers 
then is 1(1) + 2(2) + 3(3) + 4(4) + 5(5) + 6(6) + 7(7) + 8(8) + 4(9) = 240. 

11. 	 306 
Six hours of TV with 12 minutes of commercials each means there are a total of 72 
minutes of commercials . It will only take a fourth as long to watch them on fas t forward, 
so that's 72 -:- 4 = 18 minutes. That saves 72 - 18 = 54 minutes. Therefore it will take 
Mr. Frost 5 hours and 6 minutes or 306 minutes to watch all the shows. 

12. 	 153 
To find how many factors a number has we first need the prime factorization of that 
number. All factors of a given number have a prime factorization which consists of only 
prime factors from that number and to powers no greater than the original number. So 
to find how many factors a number has you simply need to find its prime facto rization 
and use that to determine how many choices there are for factors. For example the 
number 12 has a prime factorization of 22 . 31. A factor of 12 has 3 choices for what 
power of 2 it is divisible by (1, 2 or 4) and 2 choices for what power of 3 it is divisible by 
(lor 3). That gives 3 . 2 = 6 factors. In fact any number with a prime factorization of 
p/ . P2 1 will have 6 factors. In addition any number with a prime factorization of p5 
would hav 6 factors. Since 25 = 32 and 35 = 243 the smallest integer over 150 of that 
form is 243 . To find numbers of the form P1 2 

• P2 1 we just need to take the squares of 
primes less than 150 and mUltiply those by primes. 
22 ·p~12,20,28, ... 148,164 32 ·p ~ 18,45,63, ... 117, 153 
Having found 153 we just need to check if 152 or 151 are of this form. 
152 = 23 ·19 and 151 is prime so neither are of the form P1 2 

• p/ . 
So 1S3 is the smallest integer greater than 150 with 6 factors. Admittedly in this case it 
would have been faster to just check 151, 152, 153, ... until I found one with 6 factors, 
but understanding this method can help you later on with harder problems© 
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13. 

To start, the area of an equilateral triangle is found by the formula: A = where sis 
4 

the side length of the triangle. Given the area of 36-13, we can find the side length by 

solving for s in the equation 36-13 = -. That gives us 144 = S2 and s 12. If the side 
4 

length of the large triangle is 12 then the side length of the smaller triangle is 6. As 
shown at the right, an altitude of the triangle (which has been 
rotated for easier use) will divide one side of the triangle in half 
as well as being perpendicular to that side. A second drawn in 
altitude will intersect the first at the center of the circle. These 
two altitudes will create a 30-60-90 degree right triangle with 
the shorter leg of the triangle being the radius of the circle. 
Using the Pythagorean Theorem, or knowledge of 30-60-90 
triangles, we can find the radius to be -13. The area of the circle 

then is rr(-13)
2 

3rr. 

14. 
7S 140 

. 1 75 3 2 - 140 7
Smce 37 -% = _2_ - and 46-% = = _3_ = = - the number of 

2 100 100 200 8 3 100 100 300 lS' 

boys must be divisible by 8 and the number of girls must be divisible by 15. So the least 
number of students there could have been is 8 boys and 15 girls for a total of 23 
students. 

15. 
If we call his original hourly rate r, then the amount of money he made originally could 
be represented by 20r or 25(r - 9). Since the amount of money he made in total did not 
change we can write and solve the equation: 

20r = 25(r - 9) 
20r 25r - 225 
225 = 5r 

45 = r 
So the total amount of money he was hired to do the job for was 20(45) = $900 

16. ~1=8"---___ 

3 


Using the diagram at the right to number the 
stamps, here are the pairs of stamps that could 
be removed: 
#1 with #3, 4, 6, 7, 8 
#5 with #2, 3,4,7,8 
#2 with #4, 7, 8 (we already counted #5) 
#6 with #3, 4, 8 (we already counted #1) 
#3 with #8 (we already counted #1, 5, 6) 
#7 with #4 (we already counted #1,2,5) 
#4 and #8 have none left we haven't counted. 
That's a total of 18. 
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17. 	 180 

If Hao rides 6 miles at 30 mph it will take him one-fifth of an hour. Riding the other 6 

miles at 24 mph will take 1 of an hour. So it will take Hao ~ + 1 ~ of an hour. Alan will 
4 	 5 4 20 

spend the same amount of time (let's call it t) at each speed. The distance at each speed 

then will be 30t and 24t respectively. The total distance, 12 miles, will then be 

30t + 24t. So 54t = 12 and t 2 and the total time Alan rides will be::. Alan wins the 
9 	 9 

9 4 1 
race by - - - = 	- of an hour.20 9 180 

18. 
We can use modular arithmetic to solve this problem. We start by saying that 17 has a 
remainder of 3 when divide by 7. In modular arithmetic that looks like this 
17 3 (mod 7) 
Since we want 172314, we need to raise both sides to the 2314th power, although that 
could be difficult on the right side of the congruence (in modular arithmetic you call it a 
congruence, not an equation). So first what we'll do is try smaller powers that may help 
us find a pattern. 

32172 == == 9 == 	 2 (mod 7) *since 9 has a remainder of 2 when divided by 7 

23
(172)3 == 176 == == 8 l(mod 7) 


Now that we know 176 l(mod 7) we can get close to our answer quickly! 

(176)365 == 1365 (mod 7) 

172310 == 1(mod 7) 
Multiplying each side of the congruence by 174 gives us: 

172314 
== 174(mod 7) 
So all we need to know is the remainder when 174 is divided by 7. Since we already 
found that 172 == 2 (mod 7), we could just square both sides to find that 
(172)2 == 174 == 22 == 4 (mod 7) 
So finally we have that 172314 == 174 == 4(mod 7). 

19. 	 __--=2____ 
5n 5n- 1 + 25n - 2 


57 = 56 + 255 -> 61 = 56 + 2(13) -> 56 = 35 

56 - 55 + 254 -> 35 13 + 2(54) -> 54 = 11 

55 = 54 + 253 -> 13 = 11 + 2(53 ) -> 53 = 1 

54 = 53 + 252 -> 11 1 + 2 (52) -> 52 = 5 

53 - 52 + 251 -> 1 5 + 2(51) -> 51 = -2 


2O. 	 ----'3"-"'5'--___ 
Since the months are represented by the numbers 1 through 12, there are 5 numbers 
from the Fibonacci sequence which could represent the month (1,2,3,5,8). There are 7 
numbers in the Fibonacci sequence which could represent the date (1, 2, 3, 5, 8, 13, 21). 
Since all 12 months do have those dates (all months have at least 21 days), there are 
5 x 7 = 35 dates in which both numbers are from the Fibonacci sequence. 
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21. 6048 

Expanding (2x + 3fwould mean multiplying the binomial (2x + 3) together seven 
times. The term which contains x 5 would come from multiplying 2x together five times 
and 3 together twice. There are a lot of ways to do this though. First we have to choose 
the 5 binomials from which we will use the 2x. That can be done in 7C5 =21 ways. Then 
we have to multiply that by (2X)5 . 32 = 32x 5 ·9. So the term we are looking for is 
21·32· 9x5 = 6048x5. 

3 


245
22. 
There are 6C2 = 15 ways to pick two of the New England states and 50C2 = 1225 ways to 
pick two of the 50 coins. So the probability of picking two of the New England states is 

15 3 


1225 245 


4 
-
4523. 

10!-9!-8! 8!(10'9-9-1) 10·9-9-1 80 4 

11!-10! 10!(11-1) 10·9·10 900 45 

24. 	 _4-'----____ 
If x = 0, then y = 10. If Y = 0, then x = 15. Every time x goes up 3, the value of the left 
side of the equation goes up 6, so we must also reduce y by 2 (reducing the left side by 
6) to balance the equation. This leads to the ordered pairs of positive integers which 
satisfy the equation as (3,8); (6,6); (9,4); (12,2). There are 4 solutions that satisfy the 
conditions. 

25. 	 _=2____ 
Since Sam will dilute the first and third jugs to have the same concentration as the 

second jug we need each jug to have 20% lemon juice. The first jug starts with 40% of a 

quart which we can call O.4Q lemon juice. If O.4Q needs to represent 20% or ~ of the 
5 

total liquid in the jug, then there needs to be (O.4Q) . 5 = 2Q in the jug. That's 2 quarts 
of liquid so we need to add 1 more quart to the first jug. The third jug starts with 30% of 

2 quarts or 0.3(2Q) = 0.6Q lemon juice. If O. 6Q needs to represent ~ of the liquid in the 
5 

jug, then there needs to be (0.6Q) . 5 = 3Q in the jug. That's 3 quarts of liquid so we 
again need to add 1 more quart to the half gallon (2 quarts). So 2 quarts must be added 
in total. 
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26. 	 __8____ 

There are 4P1 = 4 . 3 . 2 = 24 different numbers that can be created from 3 of the 4 
numbers in the set. In order for one of these numbers to be divisible by 21, the number 
must be divisible by both 3 and 7. The sum of the 4 numbers in the set is 17 which is 2 
greater than a multiple of three. To make a number divisible by 3 we need three digits 
which have a sum divisible by 3. Therefore, of the four digits, we should not use one that 
is itself 2 more than a multiple of 3. In this set, 2 and 5 fulfill that requirement. So we 
can use the three digits {2, 3, 7} or the three digits (3, 5, 7}. Any of the six three· digit 
integers made from each one of these sets of three will result in a three-digit integer 
which is divisible by 3. Now we need to find the ones which are divisible by 7. Doing the 
division, we see there are only 3 of these: 357, 735 and 273. So the probability is 3 out of 
24 or one·eighth. 

16 

27. 	 __27___ _ 
If the square and equilateral triangle have the same perimeter, we should define a 
variable for that perimeter. Whatever tha t perimeter is we will have to divide it by both 
4, to get the side of the square, and 3, to get the side of the triangle. Defining the 
perimeter as something divisible by 12 will make our calculations easie r, and after some 
trial it is easiest if the perimeter is divisible by 72 (we could just call the perimeter 72, 
but let's be more precise and call it 72 x) . If the perimeter is 72x 
then the side length of the square is 18x and the side length of the 
triangle is 24x. If the side length of the sq uare is l8x then the 
diameter of the inscribed circle is also 18x and the radius is 9x. 
The radius of the circle inscribed in the triangle is a little more 
complicated. If the side length of the triangle is 24x then the height 
of the triangle is 12v3x and the radius of the circle is 4v'3x (the 
height of a ircle inscribed in an equilateral triangle is always one 
third of the height of the triangle - see the diagram). The area of 

the circle inscribed in the triangle would be ( 4v'3x) 
2 
rr = 48x 2 rr. 

The area ofthe circle inscribed in the square would be (9x 2rr = 81x 2 rr. The ratio of the 
48x'rr 16 

areas would then be : -2- = -.
Blx IT 27 

28. 	 --,2~8,---___ 
First jan should just give 2 treats to each of the two smaller dogs and 3 treats to the 
larger dog. That leaves her with 13 - 2 - 2 - 3 = 6 treats to give to her three dogs in 
any way she wants without restriction. One way to do this is pretend there are actually 
8 treats. Line those 8 up and then choose 2 of the treats to be dividers, dividing the 
treats into 3 groups. Those three groups would be the number of extra treats each dog 
gets . Since there are Bel = 28 ways to choose 2 of the treats to be dividers, there are 28 
ways to divide the treats. 
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29. 	 ~9~0,---_~_ 

The equation 8e + lla 279. where e is the number of children in the group ;1.nd G j 

the number of adults in the group, can help us find how many children and how m 
adults were in a group whose tickets would cost $279 total. Since there are tv.'O 
variables in the equation though, there are an infinite number of solutions. Thankfu 
we only want to consider positive integer solutions which means modular arithmetic 
would be a good technique to try. We start with the original equation in {{mod 8" since 
that will make the variable with the smaller coefficient disappear. Remember, in {{mod 
8" you can add or subtract any multiple of 8 from either side of the congruence since in 
modular arithmetic we are looking at the remainders when numbers are divicied by {{thf:' 
mod" (in this case 8). 

8e + lla == 279 (mod 8) 

o+ 3a == 7 (mod 8) 


3a == 15 (mod 8) 

a 5 (mod 8) 

So a can be equal to 5 and when it is, e would be equal to 28 since 8(28) + 11 279. 
But a can be any number which has a remainder of 5 when divided hy 8, so a could also 
be 13, 21, 29, ect. When a is 13, e will be 17 and when a is 21, e wiil be 6. Notice that as 
a increases by 8, e decreases by 11. Since we only want to look at positive integers vve 
don't consider a = 29 or greater since e would have to be negative for any of those 
values of a. That gives us these possible solutions for (a, e): (5,28), (13,17), (21. 6). 
Adding up the values in those three pairs we get a total of 90 people. 

30. 	 10.2 
When the angle bisector of any angle of a triangle intersects the opposite side of the 
triangle, it will divide that side of the triangle into pieces which are in the same ratio as 
the sides of the triangle which form the angle which was bisected. As labeled here, we 
can write and then solve the proportion below. 
17-x x 

8 	 12 

8(x) = 12(17 x) A //4
8x = 204 12x x 


20x = 204 

x = 10.2 


8 x 


c
B 12 



501 
2009! + 2008! = 2008! (2009 + 1) 2008! (2010). To find the numher of zeros at the 
end of 2008! We first need to know how many ofthe numbers in the product of the 
natural numbers from 1 to 2008 are divisible by 5. That's easy to compute, it's 2008 
which is 401 (when the decimal is cut off). Of those 401 numbers which are divisible 
by 5, one-fifth of them are divisible by 5 a second time (or by 25). That gives another 
401 -7- 5 80 (again rounded) factors of 5. That's 401 + 80 481 so far. Of the 80 
numbers divisible by 25 however, one-fifth of them are divisible by 5 yet again (a total of 
125). That's another 80 5 = 16 more factors of 5. Continuing this logic there are 
16 5 = 3 more still. That's a total of 401 + 80 + 16 + 3 500 factors of 5 in 2008!. If 
we think about how many factors of 2 there are in 2008!, there would have to be more 
since every other number is divisible by 2, not just every fifth. So we can pair up each of 
the 500 5s with a 2 to make a 10. Each factor of 10 will cause a 0 at the end ofthe 
expanded form of 2008!. So 2008! ends in 500 zeros, but when we multiply that by 2010 
it will add an additional 0 to the end of the product. So 2009! + 2008! ends in 501 zeros. 

1 

2. 	 __18____ 

The first thing to figure out is how many ways could the six friends possibly pick up the 

coats. That's just 61 720 ways. Now we need to know how many ways can we choose 

three to get the right coat, and that's just (~) = 20. Finally we need to know how many 

ways can the other three kids all get the wrong coat. The first kid has 2 choices for the 

wrong coat and then the other kids have only 1 choice, they must choose each other's 

coats. So there are 20 x 2 x 1 = 40 ways for the 6 kids to choose coats such that exactly 

three kids get the right coat. The probability of that happening is then 40 = 2.. . 
720 	 18 

3. 	 18.3 
The first thing to be careful of here is that percent increase is measured by taking the 
amount of increase and comparing it to the original value. If you just take 2819 -7- 2470 
you do not get percent increase. You'll get approximately 1.1413 which is actually about 
a 14% increase. The 1 in front of the decimal represents the original amount, not any 
increase. Dividing each pair of numbers shows that the biggest change is from 3730 to 
4411. 4411 -7- 3730 is approximately 1.1826 which is an increase of 18.3% when 
expressed to the nearest tenth. 
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4. 302 

To find the volume of a cone we need the radius ofthe base and the height. Let's start 
with the radius. The original circle had a radius of 10 and therefore a circumference of 
20rr. If a 1440 angle is removed, 2160 or three-fifths of the circle remains. That means 
when the cone is formed, its circular base will be formed from what was left of the 
circumference of the originaL Three-fifths of 20rr is 12rr, so the circumference of the 
base of the cone is 12rr and the radius is 6. Now for finding the height. The height of the 
cone and the radius of the cone form a right angle with the slant of the cone making the 
hypotenuse of a right triangle. In this case the hypotenuse is 10 (the radius of the 
original cone) and one of the legs is 6 (the radius ofthe new cone). The missing leg of 
the triangle is also the height of the cone. The Pythagorean Theorem shows us 
(62 + h2 = 102 ) that the missing height is 8. The volume ofthe cone then is equal to 
lrrr2h = ~. rr' 62 ·8= ~. 36 ·8· rr = 96rr ::::; 96(3.14159) 301.59 ::::; 302. 
3 3 3 

5. 
{3 r2 r 
- => - ::::; .1378 => - ::::; 0.37 
4IT S2 S 

6. 
We can break the segments into two cases. The first being where the segment is either 
horizontal or vertical and the length is an integer and the second being where the 
segment is not vertical or horizontal and therefore the segment's length is most likely 
irrational. If the length is an integer, it could be any length from 1 through 6. If the 
segment is not horizontal or vertical we can think of it as being the hypotenuse of a right 
triangle. The possible triangles would have base by height dimensions as follows: 
1 X 1,1 X 2,1 X 3,1 X 4,1 X 5,1 X 6,2 X 2,2 X 3,2 X 4,2 X 5,2 X 6,3 X 3,3 X 4, 
3 X 5,3 x 6 
That's 15 possible triangles. However, when you determine the actual lengths of those 
segments, you'd find that the 3 x 4 triangle has a hypotenuse oflength 5 which is the 
same as one of the horizontal segments. So there are a total of 6 + 15 1 = 20 different 
segment lengths. 
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7. 	 1024 

The total number of outcomes when a coin is flipped 12 times is 212 4096. The 
number of ways that either heads or tails can come up a prime number can be 
determined by combinations. We just need to know the number of ways you can pick a 
prime number of the 12 coins. If the coin lands on heads 1 time and tails 11 times that 
would count since 11 is prime. Looking at that example as 1/11, these other possibilities 
would count as well: 2/10,3/9,5/7,7/5,9/3,10/2 and 11/1. So we need to know the 

2 
value of (\2) + 32) + Cs2) + (\2) + (\2) + G~) + G~)2 C
C
) + 


2 2
) + Cs

So the probability of the coin landing on heads or tails a prime number of times is 
211:l0 lOgO 545 


4096 2048 


8. 
To find the shaded area we first need to find the area of the semi-circles, so we need to 

figure out the length of the radius of the smaller semi-circle. First we construct the 

midpoints of segments AB and AD and call them E and F, respectively, and connect them 

to form an isosceles right triangle. Segment FE has length 3/2. Segment FE also passes 

through the point in which the two semi-circles centered at E and F are tangent. (We 

know this because there is a unique line that is tangent to both circles at the point the 

circles are tangent to each other. Any radii drawn in a circle to ;] point of tangency is 

C
32 

perpendicular to that tangent line. Since the radii of the two circles are both 

perpendicular to the same tangent line at the same point, the radii must both be on one 

C


straight line.) 

So the radius of the smaller semi-circle is 3/2 - 3 ;:::: 1.2426. The area of the combined 
larger semi-circles is IT .3 2 ;:::: 28.2735. The combined area of the two smaller semi
circles is IT' 1.24262 ;:::: 4.8506. The combined white area then is 28.2735 + 4.8506 ;:::: 
33.124 and the shaded area is 36 - 33.124 ;:::: 2.9 

2 ((\2) + 
 ) + 

2

)) = 2(12 + 66 + 220 + 792) 2(1090) 2180 


A '" E B~l 

,-, 
.j 

F 

c 



,------------------------------------------- ----------- 

1. 	 119.750.400 
There are 12 choices for the first person to sit in whichever seat you decide to fill first, 
then 11 for the second person, then 10 for the third person and so on. That would make 
a total of12! = 479,001,600 ways for the 12 people to sit. However, rotating an 
arrangement of people any multiple of 90 degrees would just create another of the 
original possible arrangements. That means when we calculated 12! we actually 
counted each of the unique arrangements 4 times (0,90, 180, 270 degree rotations). So 
divide 12! by 4 to get 119,750,400. 

2. 	 _=33=--___ 
Instead of trying to list the numbers, we can find groups of 3 even digits with a sum 
which is divisible by 3. Then we can arrange those groups into three-digit integers 
which would be divisible by 3. The groups are (8,8,8), (8,8,2), (8,6.4), (6, 6, 6), 
(8,4,0), (8,2,2)(6,6, 0), (6,4,2), (4,4,4), (6,0,0), (4, 2,0), (2,2, 2). 
The groups (8,8,8), (6, 6, 6), (4,4,4), (2, 2, 2) and (6, 0, 0) can each be formed into only 
1 three-digit integer (a total of 5). 
The groups (8,8,2) and (8, 2, 2) can each be arranged into 3 three-digit ir,tegers (the 
different digit could be any ofthe three digits). 
The groups (8, 6,4) and (6,4,2) can each form 6 three-digit integers (3! ways to arr:;nge 
the digits). 
The groups (8,4,0) and (4, 2, 0) can each form 4 three-digit integers (the t'v\,U that :~tart 
with °are not three-digit numbers). 
The group (6,6,0) can be arranged into 2 three-digit integers (the 0 can't be the 
hundreds place). 
That's a total of 5 + 2(3)+ 2(6) + 2(4) + 2 = 5 + 6 + 12 + 8 + 2 = 33. 

3. 	 0.788 
The probability that it rains no more than 1 day is the same as adding the probability 
that it doesn't rain at all to the probability that it rains on exactly one day. The 
probability that it doesn't rain at all is found by multiplying the probabilities of it not 
raining on each day separately like so (.8)(.7)(.6) = .336. To find the probability til;lt i~ 
rains on exactly one day you need to find the three separate probabilities that it railwd 
on just one particular day. The probability that it rains Saturday but NOT the other eby', 
is (.2)(.7)(.6) = .084. The probability that it rains Sunday but NOT the other days is 
(.8)(.3)(.6) = .144. The probability that it rains Monday but NOT the other days is 
(.8)(.7)(.4) = .224. So the probability that it rains no more than 1 day is. 336 -+ .(1)11 4 

.144 + .224 = .788. 

4. 	 442 
If you used 18 quarters you would only have 1 way to make $4.50 (no diracs ur 111cke. , 
Using 17 quarters you could use from °to 2 dimes (3 ways), the rest WOllle: bl: llH:k:·;". 
Using 16 quarters you could use from °to 5 dimes (6 ways), the rest would i'(~ nick ,Le 
Using 15 quarters you could use from °to 7 dimes (8 ways), the rest w()~llrl i-'l lii[I\(·j-:, 

Continuing this method you'll find a total of: 

1+3+6+8+11+13+16+18+21+23+26+28+31+33+36+38+41+43+46=442 

"--------------------------------------------------------- 



5. 	 64rr - 48{3 
First draw in the center of the circle, C. Then label the ends of the chord created by the 
top of the water and call those points A and B. Since the diameter of the cylinder is 8 cm 
and the water is filled to one-fourth the height, the distance from the center to the water 
is one-fourth the diameter or 2 cm (segment CD). Since one of the legs (segment CD) of 
right triangle ADC is half as long as the hypotenuse (segment AC), the right triangle must 
be half of an equilateral triangle, making angle ACD a 60 degree angle. Similarly angle 
BCD is 60 degrees. Since angle ACB is 120 degrees, the minor circular sector marked by 
segments AC and CB is one-third (120 out of360 degrees) the area of the 

clrc e. The area 0 	 .. I f th"IS mInor sector IS 1 rr' 42 16rr 
3 :1 

The area of the part we are looking for however is 

only below segment AB, so we need to subtract the 

area of triangle ACB from the area of sector ACB. 

Using the Pythagorean Theorem we can find that 


C 
AD = 2{3 and therefore the base of triangle 

4cmACB is 4{3. The area of triangle ACB is then 


~ . 4{3 . 2 4{3. So the area of the shaded 

2 ~------~~------~B 

region in the original problem is l~rr 4{3. 

The volume of the water would be found by 

taking that area and multiplying by the length 


of the cylinder. That volume is 12 C~rr - 4{3) = 64rr 48{3. 


6. 
Being organized is going to be the safest way to approach this one. First list all the 
squares with three digits: 
100,121,144, 169, 196,225,256,289,324,361,400,441,484,529,576,625,676, 729, 
784,841, 900, 961. 
Then list all the cubes that aren't also squares: 
125,216,343,512 (93 729 but it's already 2T'). 
All 4 th powers are already squares, so look for higher powers like = 243 and 27 
128. 

Now scan through for numbers which use the same three digits (144,441); (169, 196, 

961); (256,625); (243,324); (125,512). 

Once you've eliminated the higher number(s) in each set of doubles (or triples), you 

have: 100,121,125,128, 144, 169,216,225,243,256,289,343,361,400,484,529, 

576,676,729, 784,841 and 900. 

Each of 100,400 and 900 can only have their digits arranged into 1 three-digit number, 

so that's a total of 3. 

Each of 121, 144,225,343,484 and 676 can have their digits arranged into 3 three-digit 

numbers, so that's a total of 18. 

Each of 125,128,169,216,256,289,324,361,529,576,729,784 and 841 can have 

their digits arranged into 6 three-digit numbers, so that's a total of 78. 

All totaled that's 3 + 18 + 78 = 99 three-digit numbers. 
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7. 	 (1.7) 
Any line tangent to a circle will be perpendicular to the radius of the circle which uses 

the tangent point as the endpoint of that radius. The radius with an endpoint of (-3,4) 

from the circle's center at the origin has a slope of -~. The line tangent to the circle at 
3 

the point (-3,4) on the circle must have a slope of ~ (the opposite of the reciprocal of 
4 

- ~). The equation of that line in point-slope form would be y - 4 = ~ (x (-3)) which 

simplifies to y ~ x + 6~. Using the exact same process with the point (4,3) we find the 
4 4 

equation of the other tangent line to be y = ~ x + 8~. Since both equations have a 
3 3 

"y =" in them we can set the right sides of the equations equal to each other to get: 


3 x + 6 ~ = - ~ x + 8~. Solving for x gives x = 1. Plugging in 1 for x into either of the 

4 4 3 3 

equations of the tangent lines yields y = 7, so the point where they intersect is (1, 7). 

8. 	 ------'2"-"0'--___ 
First we write the four equations to fit the given information. 
Equation #1 3A + 4B + 6C + 2D = 42 Equation #2 5A+2B+3C+4D=31 
Equation #3 2A + 1B + 2C + 6D = 20 Equation #4 4A + 3B + 1C + 2D = 25 

Combining two equations at a time to first eliminate the variable D we get: 
Equation #4 minus Equation #1 yields: Equation #5: 1A 1B 5C = 17 

Twice Equation #1 minus Equation #2 yields: Equation #6: 1A + 6B + 9C = 53 

Three times Equation #4 minus Equation #3 yields: Equation #7: lOA + 8B + 1C = 55 

Combining two of these equations at a time to eliminate the variable A we get: 

Equation #6 minus Equation #5 yields: 7B + 14C = 70 then divide both sides by 7 to 
simplify to: Equation #8: 1B + 2C = 10 

Ten times Equation #6 minus Equation #7 yields: Equation #9: 52B + 89C = 475 

Now combine those 2 equations to eliminate B and solve for C. 

Fifty-two times Equation #8 minus Equation #9 : 15C 45 which simplifies to C 3 


Substituting C = 3 into Equation #8 yields B 4. 

Substituting B = 4 and C = 3 into Equation #5 yields A = 2. 

Substituting A = 2, B = 4 and C = 3 into Equation #1 yields D = 1. 


So to buy 2 cookies from each person would cost 2(2) + 2(4) + 2(3) + 2(1) $20. 
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9. 	 8910 
Since there has to be at least one man, but more women than men, the possible 

breakdowns would be 1 man and 4 women or 2 men and 3 women. If there is just one 

man, there would be 9 choices for which man is on the committee. Then we need to 
11) 11·10-'Hlselect 4 of the 11 women which is calculated by ( A = ., )30 for a total of 
'± 4·" I 

9 . 330 = 2970 committees with 1 man. If there are 2 men they can be chosen in 

(9) 	 (11)9·82 = 2.1 = 36 ways and the 3 women can be chosen in 3 165 for a total 

of 36· 165 = 5940 committees with 2 men. All together that is 2970 + 5940 = 
8910 possible committees. 

10. 
Call each of the two congruent pieces of the base of the trbngle x. The two smaller 
triangles in the diagram each have the same base, x, and the same height, so they have 
the same area. Using Heron's formula, we can write an equation that both triangles 

have the same area. Heron's formula (A =Js(s - a)(s - b)(8- r)) solves for A, the 

area of the triangle, using 8, the semi-perimeter, and a, band c, the three sides ofthe 

triangle. The smaller triangle on the left has a semi-perimeter of 12 and sides of 

x,6 and 15. The smaller triangle on the right has a semi-perimeter of _I- and sides of 

x,6 and 9. Using Heron's formula on both sides of an equation we 

CS;X) C5;X) (x:') C~:i) 

(21 + x)(21 x)(x 9)(x + 9) - (15 + x)(15 - x)(x + 3)(x 
Square both sides and mUltiply both sides by 16 to get: 

(441 )(x 2 - 81) (225 - X 2 )(X 2 - 9) 

+ - 35,721 = -x4+ 234x 2 

- 2025 

288x 2 33,696 


x 2 = 117 

(441-X2) (XC-I'll) I . I IIsmg 	 -4- -- as t 1e ared ot t 1e sma er 

triangle on the left and plugging in 117 for x 2 , we get A 27. So area of the whole 
triangle is double that, 54. 

U · A 
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